Abstract. Let G be a compact, simply connected Lie group. We develop a 'quantization functor' from pre-quantized quasi-Hamiltonian G-spaces (M, ω, Φ) at level k to the fusion ring (Verlinde algebra) R k (G). The quantization Q(M ) ∈ R k (G) is defined as a push-forward in twisted equivariant K-homology. It may be computed by a fixed point formula, similar to the equivariant index theorem for Spin c -Dirac operators. Using the formula, we calculate Q(M ) in several examples.
Introduction
Let G be a compact Lie group, and M a compact symplectic G-manifold. The symplectic form ω 0 determines an equivariant Spin c -structure, with corresponding Dirac operator / ∂. If the action is Hamiltonian, with moment map Φ 0 , and L → M is an equivariant pre-quantum line bundle (where the lift of the G-action is determined by Φ 0 ), one can consider the Dirac operator / ∂ L with coefficients in L. The equivariant index
will be called the quantization of the Hamiltonian G-space (M, ω 0 , Φ 0 ), following [25] . The quantization has a number of nice properties. For any g ∈ G, the Atiyah-Segal-Singer theorem gives a formula for Q(M )(g) as a sum of integrals over the fixed point manifolds of g. In this paper we will develop an analogous quantization for quasi-Hamiltonian G-spaces (M, ω, Φ). The moment map Φ : M → G of a q-Hamiltonian G-space takes values in the group itself rather than in the dual of the Lie algebra. The moment map condition for an ordinary Hamiltonian G-space, together with the condition that ω be closed, are replaced by the property (using the Cartan model of equivariant 
Here η G ∈ Ω 3 G (G) is the equivariant Cartan 3-form determined by an invariant inner product on the Lie algebra g. The condition that ω be non-degenerate is replaced by the weaker condition that ker(ω) ∩ ker(dΦ) = 0 everywhere. Products, conjugates, and reductions are defined similar to the Hamiltonian case. Basic examples of a q-Hamiltonian space are conjugacy classes C ⊂ G, with moment map the inclusion. Another important example is M = G 2h with moment map Φ(a 1 , b 1 , . . . , a h , b h ) = i (and a certain complicated formula for ω): the symplectic quotient G 2h / /G is the moduli space of flat connections on a surface of genus h.
Many of the results of this paper are developed under the assumption that G is compact, connected, and semi-simple. For the purposes of this introduction let us also assume that G is simple and simply connected. For any non-negative integer k, let R k (G) be the level k fusion ring (Verlinde algebra) of G. It is a quotient of the representation ring R(G) by the level k fusion ideal I k (G), defined as follows. Fix a maximal torus T and a fundamental Weyl chamber for G. Use the basic inner product on g to identify the Lie algebra with its dual. Let Λ * k be the set of level k weights, i.e. weights λ ∈ t * = t such that 1 k λ is in the fundamental Weyl alcove. Let h ∨ be the dual Coxeter number and ρ the half-sum of positive roots. Then I k (G) is the ideal of characters vanishing at all points (2) t λ = exp( The q-Hamiltonian G-space (M, ω, Φ) is pre-quantizable if the class in relative cohomology H 3 G (Φ) defined by the pair (ω, η G ) is integral. In particular, η G defines a class of H 3 G (G, Z) = Z; the integer k defined by this isomorphism is the level. We will work with the geometric realization of integral degree 3 cohomology classes in terms of Dixmier-Douady bundles. (See Section 2 for background on Dixmier-Douady theory and twisted K-homology.) Let A → G be a G-equivariant Dixmier-Douady bundle whose Dixmier-Douady class is a generator of H 3 G (G, Z) = Z, and let A k be its k-th power. Then the equation (1) is pre-quantized to a G-equivariant Morita trivialization
this morphism is the counterpart to a pre-quantum line bundle. In [3] , we obtained a distinguished G-equivariant Morita morphism
from the Clifford bundle of M . This morphism is the counterpart of the Spin c -structure of a symplectic manifold; indeed the spinor module for the Spin c -structure can be regarded as a Morita trivialization (M, C l(T M )) (pt, C). Tensoring, one obtains a Morita morphism (Φ, S ⊗ E) : (M, C l(T M )) (G, A k+h ∨ ), and a resulting push-forward in twisted equivariant K-homology
A theorem of Freed-Hopkins-Teleman [22] identifies the K-homology group on the right hand side with R k (G). The K-homology group on the left hand side contains a distinguished element [M ] , the fundamental class of M . We define the quantization to be its push-forward,
We will find that the properties of this quantization procedure are similar to those for ordinary Hamiltonian spaces: (i) For fusion products, Q(M 1 × M 2 ) = Q(M 1 )Q(M 2 ).
(ii) Let M * denote M with the opposite 2-form ω * = −ω and moment map Φ * = Φ −1 . Then Q(M * ) = Q(M ) * . (iii) If C ⊂ G is a conjugacy class with a level k pre-quantization, then Q(C) is the character of the basis element of R k (G) labeled by C. (iv) Quantization commutes with reduction: The multiplicity of the trivial representation in Q(M ) equals Q(M/ /G), the quantization of the symplectic quotient. Q(M ) may be computed by localization: Let t = t λ be one of the elements (2) . The map R(G) → C given by the evaluation at t descends to R k (G), and hence the number Q(M )(t) ∈ C is defined. By equivariance of Φ, and since t is regular, the fixed point set M t maps to G t = T . It turns out that the restriction of A k+h ∨ to T is t -equivariantly Morita trivial, where t is the finite subgroup generated by t. Once we fix such a Morita trivialization, one obtains a t -equivariant Morita trivialization of C l(T M ) along M t . Equivalently, the restriction of T M to the fixed point set acquires a t -equivariant Spin c -structure. We will find that Q(M )(t) is given by the usual Atiyah-Segal-Singer fixed point formula, as a sum over the components of the fixed point set,
using the Spin c -structure along the fixed point sets F ⊂ M t . Thus, even though our quantization procedure does not involve a globally defined Dirac operator, the localization formula has the appearance of an equivariant index formula.
In an earlier paper [4] , the fixed point formula was implicitly used as a 'definition' of the quantization of a q-Hamiltonian space, motivated by formal computations for a Hamiltonian loop group space associated to (M, ω, Φ). See also Carey-Wang [16] for a similar approach. The presentation of Q(M ) as a K-homology push-forward is more satisfying conceptually: For instance, it is not obvious that the right hand side of the fixed point formula defines an element of R k (G) (rather than just R k (G) ⊗ C).
An application of our theory to a product M = D(G) h × C 1 · · · · · · × C r of h copies of the 'double' D(G) = G × G (with moment map the group commutator) with r pre-quantized conjugacy classes gives the Verlinde formulas for the moduli space of flat connections on a surface of genus h with r boundary components. In a forthcoming paper, we will use the formula to obtain Verlinde-type formulas for non-simply connected groups.
Let us finally remark that q-Hamiltonian G-spaces are closely related to the concept of Dbranes on group manifolds from string theory (see e.g. Carey-Wang [16] 
Twisted equivariant K-homology
In this Section, we give a quick review of twisted equivariant K-homology. We begin by discussing the geometric realization of H 3 G (X, Z) in terms of equivariant Dixmier-Douady bundles, similar to the geometric realization of H 2 G (X, Z) in terms of equivariant line bundles.
Dixmier-Douady theory.
A well-known result of Serre (see ) asserts that bundles of matrix algebras (Azumaya bundles) over a space X are classified, up to stable (or Morita) isomorphism, by the torsion subgroup of H 3 (X, Z). To incorporate nontorsion classes, it is necessary to consider matrix algebras 'of infinite rank'.
2.1.1. Dixmier-Douady bundles. In this paper, all Hilbert spaces are taken to be complex, separable Hilbert spaces. For any Hilbert space H, we denote by K(H) the C * -algebra of compact operators, i.e. the norm closure of the finite rank operators inside the algebra B(H) of bounded linear operators. A Dixmier-Douady bundle A → X (in short, DD bundle) is a bundle of C * -algebras, with typical fiber K(H) and structure group Aut(K(H)) = PU(H) for some Hilbert space H. (Here PU(H) = U(H)/ U(1) carries the strong topology.) Isomorphisms, pull-backs, and tensor products of such bundles are defined in the obvious way. For any A, the opposite algebra bundle A op (with the same vector bundle structure, but opposite multiplication) is a DD bundle modeled on the compact operators on the conjugate Hilbert space H. A Morita trivialization of A → X is a bundle E → X of Hilbert spaces together with an isomorphism A → K(E). Equivalently, letting P → X be the principal PU(H)-bundle associated to A, a Morita trivialization amounts to a lift of the structure group to U(H). The obstruction to the existence of a Morita trivialization is the Dixmier-Douady class DD(A) ∈ H 3 (X, Z).
2.1.2. Z 2 -graded DD bundles. More generally, we will need to consider Z 2 -graded DD bundles A → X, modeled on K(H) for Z 2 -graded Hilbert spaces H. The obstruction to the existence of a Z 2 -graded Morita trivialization of A (given by a Z 2 -graded Hilbert space bundle E and an isomorphism A → K(E) preserving gradings) is a class
The first component is the DD class of A after forgetting the Z 2 -grading. If it vanishes, so that A is realized as compact operators on a Hilbert space bundle E, then the second component is the obstruction to introducing a compatible Z 2 -grading on E. From now, all our DD bundles will be Z 2 -graded, but often with the trivial Z 2 -grading.
2.1.3. Example: Clifford bundles. Recall that the Clifford algebra of R 2n with its standard Euclidean metric is a Z 2 -graded matrix algebra C l(R 2n ) = End(∧C n ). Hence, if V → X is a Euclidean vector bundle of even rank, the bundle C l(V ) of complex Clifford algebras, with its standard Z 2 -grading, is a DD bundle. The H 3 (X, Z)-component of DD(C l(V )) is the third integral Stiefel-Whitney class of V , while the H 1 (X, Z 2 )-component measures the orientability of V . Given a Spin c -structure on V , the associated (Z 2 -graded) bundle S → X of spinors defines a Morita trivialization of C l(V ). In fact, as observed by Connes [18] and Plymen [37] a Spin c -structure on V may be defined to be a Morita trivialization of C l(V ), and we will take this viewpoint for the rest of this paper.
2.1.4. Morita morphisms. Generalizing Morita trivializations, one has the notion of Morita morphisms. Suppose A i → X i , i = 1, 2 are two DD bundles modeled on K(H i ). A Morita morphism
is a proper map Φ : X 1 → X 2 together with a Banach bundle E → X 1 of bi-modules
The existence of such Morita morphism is equivalent to DD(A 1 ) = Φ * DD(A 2 ). The composition of Morita morphisms (Φ, E) :
using the fiberwise completion of the algebraic tensor product over Φ * A 2 . The 'identity' morphism for A is given by (id, A) : (X, A) (X, A). For any Morita morphism (3) there is also a conjugate Morita morphism (Φ, E) :
. Here E is equal to E as a real vector bundle, but with the conjugate scalar multiplication. Denoting by v * ∈ E the element corresponding to v ∈ E, the bimodule structure on E is given by
2.1.5. Twistings by line bundles. Given DD bundles A i → X i , i = 1, 2 and a map Φ : X 1 → X 2 , the set of Morita morphisms (3) is either empty, or is a principal homogeneous space under the group of Z 2 -graded line bundles L → X. That is, any two Morita Φ * A 2 − A 1 bimodules E, E ′ are related by
with L the line bundle given by the bimodule homomorphisms. A 2-isomorphism
between two Morita morphisms is a trivialization of this line bundle. For example, any two Spin c -structures on a Euclidean vector bundle V (cf. Example 2.1.3) are related by a Z 2 -graded line bundle; two Spin c -structures on V are isomorphic if this line bundle is trivializable.
2.1.6. Relative DD bundles. Let Ψ : X → Y be a continuous map. By a relative DD bundle for the given map Ψ, we mean a DD bundle A → Y over the target together with a Morita
Morita isomorphism classes of such pairs for a given map Ψ : X → Y are classified by the relative cohomology group H 3 (Φ, Z) in the ungraded case, and by
(See Appendix B for a brief discussion of relative cohomology groups.) We denote by DD(E, A) ∈ H 3 (Φ, Z) × H 1 (Φ, Z 2 ) the class of the relative bundle (E, A). Given a morphism as in (4), one has
using the map in relative cohomology defined by
2.1.7. G-equivariant DD bundles. Let G be a compact Lie group. The theory outlines above generalizes to the G-equivariant case, with straightforward modifications. G-equivariant Z 2 -graded Dixmier-Douady bundles A → X are classified by equivariant Dixmier-Douady classes
In their classical paper, Donovan and Karoubi [19] defined twistings of the K-theory of a space X by torsion classes in H 3 (X, Z), represented by Azumaya bundles. J. Rosenberg [38] generalized to non-torsion classes, by defining the twisted K-theory of a space X with DD bundle A → X to be the K-theory of the C * -algebra of sections of A. A similar definition gives the twisted K-homology groups. We will follow Kasparov's approach [28, 29] towards K-homology of C * -algebras, as described in Higson-Roe's book [26] . We will describe the main features of twisted equivariant K-homology needed for our quantization procedure; some details are deferred to Appendix C.
Let A → X be a Z 2 -graded G-DD bundle. Let Γ 0 (X, A) denote the Z 2 -graded G-C * -algebra of continuous sections of A vanishing at infinity (i.e. the closure of the sections of compact support). We define the A-twisted equivariant K-homology of X to be the K-homology of this A) ). K-homology is a covariant functor relative to (Z 2 -graded, G-equivariant) Morita morphisms for which the underlying map Φ is proper. That is, any such Morita morphism (Φ, E) :
depends only on the 2-isomorphism class of (Φ, E). Remark 2.1. In the definition of the groups K G
• (X, A), it is usually necessary to keep track of the G-DD bundle A as a 'base point', rather than just record its DD class. Indeed, Morita automorphisms of A may act non-trivially on the K-groups. The group of G-equivariant Morita automorphisms of A is identified with the group of G-equivariant Z 2 -graded line bundles, by associating to any such line bundle L → X the Morita automorphism (id, A⊗L). The resulting automorphism of K G
• (X, A) depends only on the isomorphism class of L. That is, we obtain an action of
, then all G-equivariant line bundles over X are equivariantly isomorphic to the trivial line bundle. If furthermore H 1 (X, Z 2 ) = 0, then the twisted K-groups for trivially graded G-DD bundles with prescribed class DD G (A) are canonically isomorphic. (The situation is similar to the dependence of homotopy groups on a chosen base point.)
An important example of a twisted K-homology class is the following. Example 2.2. Recall that any compact manifold M (possibly non-oriented) has a fundamental class in H dim M (M, o T M ), the top degree homology group with coefficients in the orientation bundle. An orientation amounts to a trivialization of o T M , and identifies this twisted homology group with an ordinary homology group. (If M is non-compact, one has a similar fundamental class in Borel-Moore homology.) In K-theory, the role of an orientation bundle is played by the Clifford bundle. Suppose M is a Riemannian G-manifold of even dimension. There is a distinguished K-homology fundamental class
In Appendix C, we will recall Kasparov's explicit construction of this class [29, § 4] For any G-DD bundle A → X, there is a group isomorphism
with the property * 2 = id (see Appendix C). For X = pt, A = C we have A op = A, and this involution is just the standard involution on the representation ring R(G) = K G 0 (pt, C), given by complex conjugation of characters.
2.3. Localization. The Atiyah-Segal localization theorem [9] carries over to the twisted case. See Freed-Hopkins-Teleman [23] for a discussion of localization in twisted equivariant K-theory; we will use instead a K-homological formulation. To state the Theorem suppose that t ∈ Z(G) lies in the center of G. For any R(G)-module X, let X (t) indicate the localized module relative to the ideal of characters vanishing at t. Elements of X (t) may be written as fractions, with enumerator in X and denominator a character χ ∈ R(G) with χ(t) = 0.
given by the inclusion of the fixed point set M t becomes an isomorphism after localization at t.
The proof is a straightforward modification of the argument in [9] : One first argues that if H is a closed subgroup of G with t ∈ H, then K G
• (G/H, A) (t) = 0 for any G-DD bundle A → G/H. (In this case, the R(G) = K G 0 (pt)-module structure comes from an R(H) = K 0 G (G/H)-module structure. But R(H) (t) = 0.) The same is then true for closed tubular neighborhoods of orbits in M − M t . The general result follows by induction, using a Mayer-Vietoris argument.
is an isomorphism. This follows by excision, since
2.4. K-theoretic interpretation of the fusion ring. We begin by introducing the notion of a multiplicative DD bundle, similar to that of a multiplicative gerbe, as studied e.g. in Brylinski-McLaughlin [14] and Waldorf [42] . Let G be a compact Lie group, viewed as a G-space by the conjugation action. We denote by
the group multiplication, the inversion and the inclusion of the group unit. Definition 2.5. A multiplicative DD bundle over G is a G-DD bundle A → G together with a a G-equivariant Morita morphism
such that the following associativity property holds:
From the multiplication morphism F Mult , one obtains G-equivariant Morita morphisms C.) For a multiplicative G-DD bundle A → G, the twisted K-homology group
, and an involution
. The ring R • was computed by Freed-Hopkins-Teleman [22] in great generality. We will only consider the case that the group G is simply connected. Let G = G 1 × · · · × · · · G N be the decomposition into simple factors. The cohomology of G vanish in degrees 1 and 2 (both equivariantly and non-equivariantly), while
As a consequence, any G-DD bundle A → G has a multiplicative structure, where F Mult is unique up to 2-isomorphism. We say that A is at level
It is a quotient of the representation ring by the level k fusion ideal
Theorem 2.6 (Freed-Hopkins-Teleman [22] ). Let k ∈ Z N , k i ≥ 0 be a given level, and let A → G be a G-DD bundle at the shifted level k + h ∨ , where
Pre-quantization of group-valued moment maps
Let G be a Lie group, with Lie algebra g, and suppose B is a G-invariant, symmetric, nondegenerate bilinear form on g. Equivalently, G carries a bi-invariant Riemannian metric. The left, right invariant Maurer-Cartan-forms on G will be denoted θ L , θ R ∈ Ω 1 (G, g). We denote by η ∈ Ω 3 (G) the Cartan 3-form,
The form η is bi-invariant, hence closed. It has a closed equivariant (relative to the conju-
3.1. Group-valued moment maps. The following concept of a G-valued moment map was introduced in [2] .
is an invariant 2-form, and Φ ∈ C ∞ (M, G) is a G-equivariant map such that the following two axioms hold:
Assuming (i), condition (ii) is equivalent to the assertion that the kernel of ω m equals the image of ker(Ad Φ(m) +I) ⊂ g under the infinitesimal action g → T m M . This equivalence was noted independently by Bursztyn-Crainic [15] and Xu [43] .
3.1.2. Examples. We recall the basic examples and constructions with group-valued moment maps. We will not be very specific about the 2-forms, but mainly describe the action and the moment map. See [2, 1] or the indicated references for further details.
(a) Conjugacy classes. Let C be any conjugacy class, and denote by Φ : C ֒→ G the inclusion. C carries a unique 2-form ω for which (C, ω, Φ) is a q-Hamiltonian G-space.
It is the q-Hamiltonian counterpart to coadjoint orbits O ⊂ g * as Hamiltonian G-spaces.
restricts to an action on the unit sphere M = S 2n . It turns out that there exists a 2-form and moment map for this action, making (S 2n , ω, Φ) into a q-Hamiltonian SU(n)-space. This example was found in [5] for n = 2, and [27] for n > 2. Recently, A. Eshmatov [21] found that similarly, the quaternionic projective space HP (n) is a q-Hamiltonian Sp(n)-space. (d) Moduli spaces of flat G-bundles. Let Σ r h be a compact connected oriented surface of genus h with r ≥ 1 boundary components. Fix a base point x i on each boundary component, and let M G (Σ r h ; x 1 , . . . , x r ) be the moduli space of flat G-bundles on Σ r h , up to gauge transformations that are trivial at the base points. The full gauge group action descends to an action of G r on the moduli space, and makes M G (Σ r h ; x 1 , . . . , x r ) into a q-Hamiltonian G r -space, with moment map given by the holonomy around the boundary components. Special cases are
, where the isomorphism depends on a choice of generators for the fundamental groupoid of Σ r h .
3.1.3.
Conjugates. Let (M, ω, Φ) be a q-Hamiltonian G-space. Denote by M * the space M with the same G-action, 2-form ω * = −ω, and moment map Φ * = Inv •Φ where Inv :
Denote by M fus the space M with the diagonal G-action, let Φ fus : M fus → G be the map obtained by composing Φ with group multiplication, and put ω fus = ω + Φ * σ where
is a q-Hamiltonian G-space, and that e is a regular value of Φ. Then G acts locally freely on Z = Φ −1 (e), and the symplectic quotient M red ≡ M/ /G = Z/G is a symplectic orbifold, with 2-form ω red induced from ω. If the G-action on Φ −1 (e) is free, then M/ /G is a smooth symplectic manifold. On the other hand, if e is a singular value then it is a stratified symplectic space in the sense of Sjamaar-Lerman [40] . By a result of [2] , the moduli space of flat G-bundles over Σ r h , with boundary holonomies in prescribed conjugacy classes C j ⊂ G, is a symplectic quotient
Here the symplectic structure coincides with the standard one, constructed by Atiyah-Bott [7, 8] using gauge theory. The case of a surface without boundary (r = 0) is included as
is given by a group homomorphism ϕ G : G → G ′ such that the map of Lie algebras preserves bilinear forms, together with a smooth map
An invertible morphism from (M, ω, Φ) to itself is called an automorphism.
Proposition 3.1. Suppose a compact Lie group K (possibly disconnected) acts by automorphisms of the q-Hamiltonian G-space (M, ω, Φ). Then the fixed point set M K is a q-Hamiltonian G K -space, in such a way that the inclusion M K ֒→ M is a q-Hamiltonian morphism.
Proof.
As a special case, if (M, ω, Φ) is a q-Hamiltonian G-space, and a ∈ G, then the components of the fixed point set M a are q-Hamiltonian G a -spaces, in such a way that the inclusion map is a morphism. Some other examples of morphisms:
(a) (Finite quotients.) Suppose a finite group Γ acts on (M, ω, Φ), preserving the 2-form and moment map. Then M/Γ inherits the structure of a q-Hamiltonian G-manifold, in such a way that the quotient map is a morphism. For instance, if Γ is a subgroup of the center of G, the quotient
is a q-Hamiltonian G-space, and G a finite cover of G.
Let M ⊂ M × G be the fiber product with respect to Φ : M → G and the projection G → G. Then M is a Hamiltonian G-space in such a way that the quotient map is a morphism. (c) (Cross-sections.) Suppose H ⊂ G is a closed subgroup, and V ⊂ G is an H-equivariant cross-section, i.e. an H-invariant submanifold such that the map
carries the structure of a q-Hamiltonian H-space, in such a way that the inclusion is a qHamiltonian morphism.
3.2. Prequantization. The pre-quantization of a symplectic manifold (M, ω) is traditionally defined to be a line bundle L → M whose first Chern class is an integral lift of the cohomology class [ω] ∈ H 2 (M, R) of the symplectic form. We will give a similar definition for q-Hamiltonian G-spaces, using DD bundles. Other viewpoints can be found in the papers of Shahbazi [39] (using gerbes) and Laurent-Gengoux-Xu [32] (using quasi-presymplectic groupoids). The conditions d G ω = −Φ * η G and d G η G = 0 mean that the pair (ω, η G ) defines a cocycle for the relative equivariant de Rham theory (cf. Appendix B). Let [(ω, η G )] ∈ H 3 G (Φ, R) denote its cohomology class. The relative cohomology group with integer coefficients H 3 G (Φ, Z), on the other hand, is realized as equivalence classes of relative G-DD bundles (E, A) (cf. Section 2.1.6), i.e. as Morita morphisms
Sometimes we refer to the Morita morphism (10) as the pre-quantization. In this definition, the
does not enter the condition of 'integral lift'. In our applications, the H 1 (X, Z 2 )-component will in fact be zero. (a) In particular, DD G (A) must be an integral lift of [η G ]. Since η G is defined in terms of the bilinear form B on g, this introduces an integrality condition on B.
(b) Suppose G = pt, so that the q-Hamiltonian space is just a symplectic manifold, and take
, and DD G (E, C) corresponds to the Chern class of L under this isomorphism. is a pre-quantization if and only if the class DD G (L, C) ∈ H 3 G (Φ, Z) is torsion. This class is the image of the equivariant Chern class c 1,G (L) ∈ H 2 G (M, Z) under the connecting homomorphism in the long exact sequence,
is torsion, and hence c 1,G (L) must be torsion. That is, pre-quantizations with given A are unique up to flat G-equivariant line bundles.
Remark 3.4. While Definition 3.2 makes sense for any compact G, it is not quite satisfactory if G is not semi-simple. The problem becomes apparent if one attempts to define the prequantization of ordinary Hamiltonian G-spaces (M, ω 0 , Φ 0 ) along similar lines. Suppose for simplicity that H 3 G (pt, Z) = 0, i.e. G has no non-trivial central extensions by U(1). Then the long exact sequence in relative cohomology shows that (1)) is zero.
For instance, if (M, ω, Φ) is a pre-quantized q-Hamiltonian G-space, and a ∈ G, then the fixed point set M a is a pre-quantized q-Hamiltonian G a ss -space, where G a ss is the semi-simple part (commutator subgroup) of G a .
For the remainder of this section, we will assume that our compact group G is connected and semi-simple. We also assume that we are given a fixed multiplicative G-DD bundle A → G such that DD G (A) is an integral lift of the class [η G ] defined by the given bilinear form B on g.
defines a pre-quantization of the fusion, (M fus , ω fus , Φ fus ).
Proof. Since
it suffices to show that the map
is injective. This map fits into a commutative diagram, with exact rows,
. By a diagram chase it follows that (12) is injective.
Hence, by composing with (Inv, F Inv ) (cf. (7)) we obtain an integral lift of Inv
lifting the exponential map.
Proposition 3.8 (Exponentials). Suppose (M, ω, Φ) is the exponential of a Hamiltonian Gspace (M, ω 0 , Φ 0 ), as in Section 3.1.6, and that L → M is a G-equivariant pre-quantum line bundle over M . Then the composition
is a pre-quantization of (M, ω, Φ).
is a pre-quantum line bundle for (M, ω 0 , Φ 0 ).
. Together with the map to H 3 G (G, Z) this gives an inclusion
Since A is multiplicative, the H 3 -component of its DD class DD G (A) lies in the kernel of (14) . On the other hand, the class [(ω,
Proposition 3.9 (Reduction). Suppose (E, A) is a pre-quantization of the q-Hamiltonian Gspace (M, ω, Φ). Assume that e is a regular value of Φ and that G acts freely on Z = Φ −1 (e). Then the reduced space (M red , ω red , Φ red ) inherits a pre-quantization. Indeed, defining the G- Proof. We use the notation from the proof of Proposition 3.8. By a similar argument, the pull-back to Z gives an inclusion
3.3. Simply connected case. If G is not only semi-simple but also simply connected, the discussion of pre-quantization simplifies. One has
where N is the number of simple factors of G. As a consequence, the specific choice of the G-DD bundle A with DD G (A) an integral lift of [η G ] is unimportant: Any two choices are Morita isomorphic, where the Morita isomorphism is unique up to 2-isomorphism. Furthermore, it is automatic that A is multiplicative, with F Mult unique up to 2-isomorphism. Suppose that (M, ω, Φ) is a q-Hamiltonian G-space. A pre-quantization amounts to an integral lift of the equivariant class
Hence, if a pre-quantization exists, then it is unique up to a flat line bundle. The situation simplifies further, due to the following fact: Lemma 3.10. Suppose G is simply connected, and that X is a G-space. Then the natural map H p G (X) → H p (X) (arbitrary coefficients) is an isomorphism for p ≤ 2, and is injective for p = 3. Moreover, for any equivariant map Φ :
Proof. (See [30] ) The first claim follows from the Serre exact sequence for the fibration X G → BG. The second claim follows from the 5-Lemma applied to the maps between the long exact sequences for H 3 G (Φ) and H 3 (Φ), using that the map
Hence, for G simply connected we may define a pre-quantization to be an integral lift of the non-equivariant class [(ω, η)] ∈ H 3 (Φ, R) -the extension to an equivariant class is automatic. The integrality of the relative class [(ω, η)] can be expressed in terms of integration. (See Appendix B.) Thus, a q-Hamiltonian G-space at integral level k is pre-quantizable if and only if for every map f : Σ → M from a closed oriented surface Σ,
Here h : Σ × [0, 1] → G is any homotopy between h 0 = Φ • f and h 1 = e (the constant map to e). For instance, if M is 2-connected, then f itself is homotopic to a constant map, hence the condition is satisfied. Let G = G 1 × · · · × G N be the decomposition into simple factors. For each k = (k 1 , . . . , k n ) ∈ R n , we denote by B k the unique invariant symmetric bilinear form on g whose restriction to g i is the k i -th multiple of the basic inner product of g i . That is, if T ⊂ G is a maximal torus, and α ∨ ∈ t ∩ g i is a short co-root for g i , then B k (α ∨ , α ∨ ) = 2k i . Then the 3-form η ∈ Ω 3 (G) defined using B = B k is integral if and only if all k i are integers. If the inner product in our definition of q-Hamiltonian G-space is B = B k (where k i > 0), we refer to k as the level of our theory. Thus, a necessary condition for the pre-quantizability of a q-Hamiltonian G-space at level k is the integrality of the level.
Let us examine the pre-quantizability of our main examples.
Proposition 3.11. Suppose G be a simply connected Lie group.
(a) (Conjugacy classes.) Let T be a maximal torus in G, and let Λ ⊂ t be the integral lattice. The G-conjugacy class C = G. exp(ξ) for ξ ∈ t is pre-quantized at level k if and only if B k (ξ, λ) ∈ Z for all λ ∈ Λ. (b) (Moduli spaces.) The q-Hamiltonian G r -space M (Σ r h ) for r ≥ 1 admits a pre-quantization for any integer level k. (c) (The sphere and HP (n).) The q-Hamiltonian SU(n)-space for n ≥ 2, and the qHamiltonian Sp(n)-space HP (n) for n ≥ 2 admit pre-quantizations for any integer level k.
In all of these examples, the pre-quantization is unique up to 2-isomorphism. Example 3.12. Let C 1 , . . . , C r ⊂ G be pre-quantized conjugacy classes, and h ≥ 0. Then the fusion product D(G) h × C 1 × · · · × C r is pre-quantized. One hence obtains a pre-quantization of its symplectic quotient, the moduli space of flat G-bundles M (Σ r h , C 1 , . . . , C r ). (In most cases, the symplectic quotient has orbifold singularities, or even worse singularities. Pre-quantization of singular symplectic quotients is discussed in [36] .)
The quantization map
In this Section, we will define the quantization of a pre-quantized q-Hamiltonian G-space, as a push-forward in twisted equivariant K-homology. We then specialize to the case that G is simply connected, identifying the target of the quantization map with the fusion ring (Verlinde algebra). We begin by reviewing the quantization of ordinary Hamiltonian G-spaces.
4.1.
Quantization of Hamiltonian G-spaces. The quantization of Hamiltonian G-spaces in symplectic geometry, using Spin c -Dirac operators, was introduced by Guillemin in [25] . Suppose (M, ω) is a compact symplectic manifold, with a Hamiltonian action of a compact Lie group G, with moment map Φ : M → g * . Let L → M be a G-equivariant pre-quantum line bundle (i.e. the equivariant Chern class of L is an integral lift of the class of the equivariant symplectic form). The choice of a G-invariant compatible almost complex structure on M determines a Spin c -structure, with spinor bundle S. Let / ∂ L be the Spin c -Dirac operator with coefficients in L, that is, the Dirac operator for the twisted spinor module S ⊗ L. We define the quantization of M to be the G-equivariant index of this Dirac operator:
As mentioned in the introduction, this quantization procedure is well-behaved under products and conjugation, and it satisfies a 'quantization commutes with reduction' principle. The element Q(M ) may be computed using the equivariant index theorem of Atiyah-Segal-Singer.
In order to generalize to q-Hamiltonian spaces, it is convenient to rephrase the quantization procedure in terms of K-theory. The spinor bundle defines a G-equivariant Morita trivialization
where p : M → pt is the map to a point, and where the canonical anti-automorphism of the Clifford algebra is used to turn S into a right module. The pre-quantum line bundle may be viewed as a Morita morphism between trivial DD bundles,
Its tensor product with (15) is the L-twisted
, and defines a push-forward map in twisted K-homology,
The quantization is the push-forward of the fundamental class under this map:
Note that this reformulation of the quantization no longer mentions the Spin c -Dirac operator.
4.2.
The canonical twisted Spin c -structure. Let G be a compact connected Lie group. q-Hamiltonian G-spaces need not admit Spin c -structures in general. However, as shown in [3] they carry a canonical 'twisted' Spin c -structure. The definition involves a distinguished G-DD bundle A Spin → G, originally defined in [6] in terms of a bundle of projective Hilbert spaces. It can be defined as the pull-back, under the adjoint representation Ad : G → SO(n) (using an orthonormal basis to identify g ∼ = R n ) of an SO(n)-equivariant DD bundle A SO(n) → SO(n). The main properties of A SO(n) are as follows: i) A SO(n) is the restriction of A SO(n+1) under the inclusion SO(n) ֒→ SO(n + 1), and ii) if n ≥ 3, the H 3 (·, Z)-component and the H 1 (·, Z 2 )-component of the DD class of A SO(n) restrict to generators of H 3 (SO(n), Z) = Z respectively H 1 (SO(n), Z 2 ) = Z 2 . As shown in [3] the bundle A SO(n) is multiplicative, with a canonical (up to 2-isomorphism) multiplication morphism. Hence A Spin → G is multiplicative as well:
Let F i , F Inv , F exp be the morphisms obtained from F Mult , as in Section 2.4 above.
Remark 4.1. If G is simple and simply connected, the Dixmier-Douady class DD G (A Spin ) ∈ H 3 G (G, Z) = Z is h ∨ times the generator, where h ∨ is the dual Coxeter number of G.
For the next result, we recall [2] that q-Hamiltonian G-spaces M for compact, connected groups G are always even-dimensional. Hence C l(T M ) is a G-DD bundle.
Theorem 4.2. [3]
Let G be a compact, connected Lie group. For any q-Hamiltonian G-space (M, ω, Φ) there is a distinguished 2-isomorphism class of G-equivariant Morita morphisms
We will refer to such a Morita morphism as a standard twisted Spin c -structure of (M, ω, Φ). If G = {1} (so hat (M, ω) is symplectic and A Spin = C), the standard twisted Spin c -structure is the standard Spin c -structure (M, C l(T M )) (pt, C) of a symplectic manifold. The canonical twisted Spin c -structures have the following properties:
(a) Conjugates. If (Φ, S) is the standard twisted Spin c -structure for the q-Hamiltonian G-space (M, ω, Φ), then the composition
defines a standard twisted Spin c -structure of its conjugate
is a standard twisted Spin c -structure for the fusion (M fus , ω fus , Φ fus ). (c) Exponentials. Suppose (M, ω 0 , Φ 0 ) is a Hamiltonian G-space whose moment map image Φ 0 (M ) ⊂ g * ∼ = g is contained in a connected open neighborhood of 0 ∈ g over which the exponential map is 1 − 1.
is a standard twisted Spin c -structure for its exponential (M, ω, Φ).
The twisted Spin c -structure is compatible with reduction, in the following sense. Suppose (M, ω, Φ) is a q-Hamiltonian G-space, with e is a regular value of the moment map, and with G acting freely on Z = Φ −1 (e). Let M red = Z/G be the reduced space. Using the isomorphism T M | Z = T M red ⊕(g⊕g) one obtains a Morita morphism, (Z, C l(T M )| Z ) (M red , C l(T M red )) covering the identity. Then the following diagram of Morita morphisms commutes up to 2-isomorphism:
Here the horizontal maps are the canonical (twisted) Spin c -structures for M, M red .
4.3.
Quantization. Suppose (M, ω, Φ) is a compact pre-quantized q-Hamiltonian G-space.
The canonical twisted Spin c -structure and the pre-quantization
are the counterparts to (15) and (16) . Tensoring, we obtain a G-equivariant Morita morphism (Φ, S ⊗ E) : (M, C l(T M )) (G, A Preq ⊗ A Spin ), and a push-forward map
Definition 4.3. For a compact pre-quantized q-Hamiltonian G-space (M, ω, Φ) we define its quantization as the push-forward in twisted K-homology, 
(Equivalently, [E] ∩ [M ] is the image of [E] under the Poincaré duality isomorphism
by replacing L with its r-th tensor power. For r > 0 this amounts to replacing ω with its r-th multiple. The limit r → ∞ is referred to as the semi-classical limit, with r −1 playing the role of Planck's constant . For pre-quantized q-Hamiltonian spaces, one similarly obtains a sequence of elements Q r (M ) ∈ R kr (G), by raising (Φ, E) : (M, C) (G, A Preq ) to its r-th tensor power.
Suppose that A Preq is multiplicative. Let 
is a ring with involution. Similar to the quantization of Hamiltonian G-spaces, we have:
Theorem 4.5 (Properties of q-Hamiltonian quantization). Let A Preq → G be a multiplicative G-DD bundle whose class defines an integral lift of [η G ], and let R be the ring (17) .
(a) Conjugation. Let (M, ω, Φ) be a q-Hamiltonian G-space, pre-quantized by (E, A Preq ), and give M * the conjugate pre-quantization E * (cf. Proposition 3.7). Then Remark 4.7. The quantization of compact Hamiltonian G-spaces satisfies a Guillemin-Sternberg 'quantization commutes with reduction' principle, see [36, 33] . There is a similar result for qHamiltonian spaces, at least for G simply connected. In more detail, suppose (M, ω, Φ) is a compact pre-quantized q-Hamiltonian G-space at level k, and let Q(M ) ∈ R k (G) be its quantization. The level k fusion ring has an additive basis τ µ , µ ∈ Λ * k indexed by the set of level k weights, see Appendix D, so that Q(M ) = N (µ)τ µ with multiplicities N (µ) ∈ Z. Let Q(M ) G = N (0) be the multiplicity of τ 0 . Suppose that e is a regular value of Φ, and that G acts freely on Φ −1 (e). The 'quantization commutes with reduction' principle asserts that
One may drop the regularity assumptions on the moment map, provided the quantization of M/ /G is defined using 'partial desingularization' of the quotient, as in [36] . In terms of the correspondence between q-Hamiltonian G-spaces and Hamiltonian LG-spaces, and 'defining' Q(M ) in terms of fixed point contributions (Theorem 5.6 below), the equality (18) was proved in [4] . Unfortunately, the proof in [4] is fairly complicated, and one would certainly prefer a more conceptual argument. The appropriate generalization to non-simply connected groups is an open question as well.
Localization
For the remainder of this paper, we assume that G is compact and simply connected. Throughout, we fix a decomposition into simple factors
For example, A Spin is a possible choice for A (h ∨ ) . Furthermore, we will fix a maximal torus T , with Lie algebra t and lattice Λ ⊂ t, as well as a fundamental Weyl chamber. Let α i ∈ Λ * = Hom(Λ, Z) be the corresponding simple roots, α ∨ i ∈ Λ the simple co-roots, and ̟ i ∈ Λ * the fundamental weights.
For a pre-quantized q-Hamiltonian G-space at level k, the invariants Q(M, E) are elements of the level k fusion ring. In the Appendix (cf. Definition D.1) we define the fusion ring as a quotient R k (G) = R(G)/I k (G), where the level k fusion ideal I k (G) consists of characters vanishing at all
Here Λ * k are the level k weights, i.e. those weights such that B ♯ k (λ) lies in the fundamental alcove. The evaluation map ev t λ : R(G) → C, χ → χ(t λ ) descends to a map ev t λ : R k (G) → C, τ → τ (t λ ). By inverse Fourier transform (see Proposition D.4), any τ ∈ R k (G) may be recovered from these values. Our goal in this Section is to compute the numbers
by localization to the fixed point set of t λ . (l) → G to the maximal torus. The localization procedure will involve the restriction of A (k+h ∨ ) to the maximal torus T ⊂ G. Since the pull-back map
Restriction of A
is the zero map, it is immediate that A (l) | T is Morita trivial, for any l ∈ Z N . However, the pull-back is not T -equivariantly Morita trivial. The following fact is proved in [35, Proposition 3.1].
Lemma 5.1. The map
For a level l ∈ Z N with l i > 0, we define a finite subgroup T l ⊂ T by
(see Appendix D). Notice that the elements t λ are contained in T k+h ∨ .
such that D| {e} extends to a G-equivariant Morita trivialization of A (l) | e . This property determines D up to a line bundle over T with trivial T l -action.
Proof. The map
. Lemma 5.1 shows that the element l ∈ Z N = H 3 G (G, Z) maps to 0 under this map. This shows the existence of a
(pt, C). It is unique up to a T l -equivariant line bundle over T . By twisting with a 1-dimensional representation of T l on C, if necessary, we can arrange that D| e is the unique G-equivariant Morita trivialization of A (l) | e . The remaining ambiguity is a line bundle over T with trivial T l -action. Proposition 5.2 will suffice for the purposes of our localization formula. However, it seems natural to ask to what extent the remaining H 2 (T, Z)-ambiguity in the Morita trivialization can be removed. It turns out that there is a canonical choice in some cases (e.g. for l even). The remainder of this Section will investigate this question.
Equivalence classes of (non-equivariant) Dixmier-Douady bundles over G with Morita trivializations over T are classified by the relative cohomology group H 3 (ι T , Z) = H 3 (G, T, Z). The long exact sequence in relative cohomology gives a short exact sequence
We are interested in choices of splittings
Z Λ * have torsion, the group H 3 (G, T, Z) has no torsion. Hence no information is lost by passing to real coefficients, and we may work with differential forms (using de Rham cohomology). Over the real numbers, the sequence splits by the map
Hence
and we are interested in its image. We may assume that G is simple (so that N = 1). The wedge products
where B is the basic inner product on g. Note that ς depends not only on the choice of Weyl chamber, but also on the choice of ordering of the simple roots.
Proposition 5.3. The image of the map (21) consists of all (δ + s 2 ς, s) such that s ∈ Z and δ ∈ ∧ 2 Z Λ * . We hence obtain a splitting
Proof. We may regard the ̟ i as translation invariant 1-forms on T , hence ̟ i ∧ ̟ j are viewed as translation invariant 2-forms on T . A relative 3-class
is integral if and only if for all maps λ : Σ → T from a closed surface Σ, and all homotopies
here η ∈ Ω 3 (G) is the Cartan 3-form defined by the basic inner product (so
is the image of the generator of
. It suffices to check the condition for these generators. Let
is a homotopy from λ to the constant map to e. We have
On the other hand,
Integrating over Σ × [0, 1], the first two terms do not contribute since they do not contain du 2 , respectively du 1 . The integral of the last term reduces, by Stokes' theorem, to an integral over Σ × {0} ⊂ Σ × [0, 1]:
We conclude that the pairing is given by
Hence, s and all of these numbers must be integers.
Remark 5.4. As a consequence, we obtain a distinguished Morita trivialization of A (l) provided the level l is even, or more generally if B l (α ∨ i , α ∨ j ) ∈ 2Z for i < j. Indeed, the Proposition shows that under this assumption, (0,
ς is integral in that case. We note that the basic inner product takes on even values on Λ in the following cases: G = SU(2), G = Spin(5) or G = Sp(n), n ≥ 3. Hence, for these groups the Morita trivialization of A (l) | T is canonical up to 2-isomorphism, for all l ∈ Z.
The evaluation map ev
In this Section, we express the evaluation map ev t :
as in Proposition 5.2. It gives a push-forward map:
The Localization Theorem 2.3 (applied to the conjugation action of t ∈ T k+h ∨ on G) gives an isomorphism
be the map restricting the action, followed by the quotient map to the localized module. Composing with the inverse of (25) we obtain a map
Here the first map is (26) and the second map is (24), localized at t.
Thus, while (24) depends on the choice of Morita trivialization (23) (which was defined only up to a line bundle over T ), the composition of maps (27) is independent of that choice.
Proof. We have a commutative diagram, with (27) as the upper row,
Here (A) is the map restricting the action to T k+h ∨ followed by the quotient map to the localized module, while (B) is the push-forward under inclusion of pt as the group unit in T , using the canonical G-equivariant trivialization of A| {e} . The composition of the maps (B) and (24) is the identity, since we have chosen the Morita trivialization of A (k+h ∨ ) | T to extend the canonical trivialization at e. Hence the composition of maps (A), (B), (24) , ev t is just the evaluation map ev t : (27) is ev t : R(G) → C.
Localization formula.
Suppose M is an even-dimensional compact G-manifold, and Φ : M → G is a smooth G-equivariant map covered by a Morita morphism
We have seen how such a Morita morphism arises for pre-quantized q-Hamiltonian G-spaces, but there are some other examples of interest. If X ⊂ M is a T k+h ∨ -invariant submanifold with Φ(X) ⊂ T , one obtains by composition with (23) a T k+h ∨ -equivariant Morita morphism
, and as in the q-Hamiltonian case we denote by
) under this map, for any G-equivariant complex vector bundle E. We are interested in the numbers
be the corresponding 'Atiyah-Segal-Singer' fixed point contribution.
It may be characterized as follows. Let U F ∼ = ν F be a tubular neighborhood of F . The Spin c -structure on T M | F extends to a T k+h ∨ -equivariant Spin c -structure on U F , defining a Spin c -Dirac operator / ∂ U F with coefficients in E| U F . We let Q(ν F , E)(t λ ) be its fixed point contribution, i.e. the image of its class
given by localization to F , followed by push-forward to pt, followed by evaluation. The number Q(ν F , E)(t λ ) is given by a well-known cohomological formula, which we recall below. Theorem 5.6. For all λ ∈ Λ * k , the number Q(M, E)(t λ ) is a sum over connected components
Proof. We may compute Q(M, E)(t) for t = t λ using the commutative diagram,
where the first two vertical maps are given by Atiyah-Segal localization. Extend the Spin cstructure on T M | F to a T k+h ∨ -equivariant Spin c -structure on a tubular neighborhood U F ∼ = ν F , as above. The F -summand of the left vertical map factors as a composition, (pt) we get the fixed point contributions Q(ν F , E)(t λ ).
To work out some examples, we will need the cohomological form of the fixed point contributions. These are given by integrals
The terms in this integral are de Rham cohomology classes in H • (F, R), defined as follows.
(See e.g. [11] for further details.) (i) The class A(F ) is given on the level of forms as det
is the curvature form of a Riemannian connection, and j(z) =
is given on the level of forms as tr C A E (t) exp(
is the curvature form of a Hermitian connection on E| F , and tr C denotes the trace of a complex endomorphism. (iii) The class D R (ν F , t) is given on the level of forms as
where
is the curvature form, and using the positive square root of the determinant. (iv) Finally let L F → F be the line bundle associated to the Spin c -structure on T M | F . The class Ch(L F , t) is defined as in (ii), but we will need to specify a square root. Letting c 1 (L F ) be the first Chern form, and ζ F (t) ∈ U(1) the (locally constant) action of t on
To fix the sign of the square root of the phase factor, choose a t-invariant orthogonal complex structure J on T x M , for any x ∈ F . Thus T x M becomes a complex vector space, and t acts as a unitary transformation A x (t) ∈ U(T x M ). The given Spin cstructure on T x M and the Spin c -structure defined by J differ by a Hermitian line L, on which t acts by some phase factor κ(t) ∈ U(1). We put
where A x (t) 1/2 ∈ U(T x M ) is the unique square root for which all eigenvalues are of the form e iφ with 0 ≤ φ < π. (See [4] .)
5.4. Normalized form of the fixed point contributions. As mentioned before, the localization procedure described above depends on the choice of the Morita trivialization (23) . Changing (23) by a line bundle N → T replaces 
Q(M, E)(t).
Since the sum is a priori a polynomial in the coefficients of c 1 (N ) (after choosing a basis of H 2 (T, Z)), we see that we may in fact replace
. By the discussion of Section 5.1, the choice of Morita trivialization (23) determines a class in H 3 (G, T, Z) . Let x be its first component under the inclusion
Twisting by a line bundle N replaces x with x + c 1 (N ); hence 1 2 c 1 (L F )−x is independent of the choice of (23) . By the results from Section 5.1 the class x lies in (23), up to isomorphism. Taking this to be our new definition of L F , we obtain a 'normalized form' of the fixed point contributions, which no longer depends on any choices. Notice however that the new L F need not be the line bundle associated to a Spin c -structure on T M | F , in general.
It is this 'normalized' form of the fixed point contributions χ(ν F , t) that identifies our localization formula with the expressions in [4, Theorem 4.3] . One of the advantages of this canonical form is the invariance under the Weyl group: Given w ∈ W and a fixed point component F ⊂ M t of t = t λ , its image w.F is again a fixed point component (possibly equal to F ), and one has χ(ν w.F , t) = χ(ν F , w −1 .t).
Examples
In this Section, we will work out the fixed point contributions in various examples. The quantization of conjugacy classes C ⊂ G and the double D(G), discussed in Section 6.1, were already considered in [4] from the perspective of Hamiltonian loop group actions. They are included here due to their significance, and since the approach in this paper is more direct. The computation for the q-Hamiltonian SU(n)-space S 2n in Section 6.2 is new.
We refer to Appendix D for some of the Lie-theoretic notions used in this Section.
6.1. Conjugacy classes, double. Let G be a compact, simply connected Lie group, and k a given integral level, with k i ≥ 0. We identify the set of conjugacy classes in G with the elements of the fundamental alcove A ⊂ t, thus ξ ∈ A labels the conjugacy class C of a = exp(ξ). Recall that C is pre-quantized at level k if and only if B ♭ k (ξ) ∈ Λ * k . On the other hand, R k (G) has an additive basis τ µ , µ ∈ Λ * k .
Proposition 6.1. Let ξ ∈ A with µ := B ♭ k (ξ) ∈ Λ * k , and denote by C = G. exp(ξ) the conjugacy class labeled by ξ. Then Q(C) = τ µ .
Proof.
For any open face σ ⊂ A of the alcove, let G σ be the centralizer of points in exp(σ) ⊂ T . It is a connected subgroup of G containing T . Let W σ ⊂ W be the Weyl groups and R σ ⊂ R the set of roots of G σ ⊂ G. Define a set R σ,+ of positive roots to consist of all α ∈ R σ that are non-negative on the subset A − ζ, for any ζ ∈ σ. The corresponding Weyl chamber is the cone over A − ζ. The set of positive roots R σ,+ , R + determine T -invariant complex structure on g σ /t, g/t, hence also Spin c -structures. By the exact sequence 0 → g σ /t → g/t → g/g σ → 0, the space g/g σ inherits a T -equivariant Spin c -structure. (In general, this Spin c -structure cannot be made G σ -equivariant, hence does not defined a Spin c -structure on G/G σ .) For t ∈ T , the phase factor and denominator factor for the 'fixed point contribution' from 0, corresponding to the Spin c -structure on g/t, are
where ρ is the half-sum of positive roots and J(t) = w∈W (−1) l(w) t wρ is the Weyl denominator. The contributions for g σ /t are given similarly, with ρ and J replaced by
respectively, and the contributions for g/g σ are the quotients of those for g/t, g/g σ . (Here ρ σ need not be a weight, in general. Instead, we define t ρσ as the square root of the determinant of the action of t on g/g σ , cf. Section 5.3 (iv).) Now take σ to be the open face containing the given element ξ. Then C = G/G σ as a G-manifold, and the fixed point set of t = t λ , λ ∈ Λ * k is C t = W/W σ (identified with the W -orbit of exp(ξ)). Thus
where F = {exp ξ}. The Spin c -structure on T C| F = T exp ξ C ∼ = g/g σ is the restriction of the T -equivariant Spin c -structure on g/g σ described above, twisted by the 1-dimensional Trepresentation C µ of weight µ. (See [35] for a detailed discussion.) Hence, the fixed point contribution of F = {exp ξ} is
We now use that µ ∈ B ♭ k (σ) and ρ − ρ σ ∈ B ♭ h ∨ (σ), hence µ + ρ − ρ σ ∈ B ♭ k+h ∨ (σ). The action of v ∈ W σ on exp(σ) ⊂ T is trivial, hence the action on σ ⊂ t is a shift by some vector in Λ. It follows that v(µ + ρ − ρ σ ) − (µ + ρ − ρ σ ) ∈ B k+h ∨ (Λ), hence t µ+ρ−ρσ+vρσ = t v(µ+ρ) . This gives
Using the anti-invariance J(w −1 t) = (−1) l(w) J(t) and the Weyl character formula, we hence obtain
Proof. We may assume that G is simple. Recall that the
We hence see that for λ, λ ′ ∈ Λ * k , the fixed point set of t λ,λ ′ = (t λ , t λ ′ ) is trivial unless λ = λ ′ , in which case it is F = T × T . In particular, A(F ) = 1 in cohomology. The normal bundle ν F is a trivial bundle g/t × g/t; the factor D R (ν F , t λ ) is just |J(t λ )| 2 . Hence the fixed point contribution is
One has ζ F (t λ ) 1/2 = 1 ∈ U(1), since it is constant along F , and equals 1 at (e, e) ∈ F . To compute the integral of e 
F is the symplectic form on F corresponding to the level k = 1. It follows that
The Proposition now follows using the orthogonality relations (Proposition (D.4)) for level k characters. By fusing the two G-factors, it follows that the quantization of the fused double
More generally the quantization of M (Σ r h ) of the moduli space for a surface of genus h with r boundary components is obtained by fusing h copies of M (Σ 1 1 ) with r − 1 copies of M (Σ 2 0 ). For example,
(Here we used that N * µ, * ν, * λ = N µ,ν,λ .) Alternatively, one may verify this formula by direct application of the localization formula.
6.2. The sphere S 2n . We will next calculate the level k quantization of the sphere S 2n , viewed as a q-Hamiltonian SU(n)-space. Let ̟ 1 , . . . , ̟ n−1 be the fundamental weights of SU(n). Thus ̟ i is the dominant weight of the (irreducible) representation of SU(n) on ∧ i C n . For the proof of the following result, we recall the following description of the fusion ideal [12, 24] (30)
the ideal in R(SU(n)) generated by the characters inside the brackets.
Proposition 6.3. The level k quantization of the q-Hamiltonian SU(n)-space S 2n is given by
Proof. We need to review the construction of the q-Hamiltonian structure on M = S 2n . Let Φ 0 : C n → su(n) * be the moment map for the SU(n)-action on C n ∼ = R 2n . Its moment polyhedron (i.e. the intersection of the moment map image with the positive Weyl chamber) is the ray spanned by ̟ 1 . Let U 0 ⊂ C n be the open ball, consisting of all z ∈ C n with ||Φ 0 (z)|| < k||̟ 1 ||. Then exp is regular on B ♯ k (Φ 0 (U )), hence we may 'exponentiate' to obtain a q-Hamiltonian SU(n)-space (U + , ω + , Φ + ). Let U − = U + with 2-form ω − = ω + and moment map Φ − = cΦ + , where c is the central element obtained by exponentiating the vertex ̟ ∨ 1 of the alcove. Then (U ± , ω ± , Φ ± ) glue to form (S 2n , ω, Φ). The moment polytope of S 2n is the edge {t̟ ∨ 1 | t ∈ [0, 1]} ⊂ A of the alcove. (That is, every element in Φ(S 2n ) is conjugate to exp(t̟ ∨ 1 ) for a unique t ∈ [0, 1].) Consider now the fixed point contributions of t λ , λ ∈ Λ * k . For the action on U + , the only fixed point is exp(0) = e. Writing t λ as a diagonal matrix with entries z 1 , . . . , z n down the diagonal, the contribution reads
Insert a parameter u with |u| < 1, and expand into a power series:
(1 − uz
The coefficient of u m is the character of the representation on the m-th symmetric power Sym m (C n ). This is an irreducible representation of weight m̟ 1 . Hence n j=1
For the action on U − ∼ = U 0 , the fixed point is c = c exp(0) = exp(̟ ∨ 1 ), and the weights are of course the same. However, the Spin c -structure on T c M (constructed as in the general theory by means of the T k+n -equivariant Morita trivialization of the DD bundle A| T , cf. (23)) does not coincide with the Spin c -structure on T 0 U 0 = T 0 C n . The Morita trivialization was normalized so that it coincides with the SU(n)-equivariant Morita trivialization at e, but at c it does not coincide with the unique SU(n)-equivariant Morita trivialization at c: The two differ by a character t → t (k+n)̟ 1 of T k+n . Secondly, the orientation on T c U − coming from the orientation on S 2n is opposite to the orientation coming from T 0 U 0 = C n . This changes the Z 2 -grading on the spinor module, and accounts for a minus sign in the fixed point contribution:
Once again, we insert a variable u with |u| < 1, and expand:
For µ ∈ B ♭ k+h ∨ (Λ), we have t wµ λ = t µ λ for all w ∈ W . Using the Weyl character formula, we may use this to deduce t (k+n)̟ 1 λ χ m̟ 1 (t λ ) = χ (m+k+n)̟ 1 (t λ ). Hence, adding the two expressions, the coefficients of u m with m > k + n cancel, and we obtain a polynomial in u: χ m̟ 1 (t λ ).
By (30) , χ m̟ 1 (t λ ) = 0 for m = k + 1, . . . , k + n − 1. On the other hand, the weights m̟ 1 for m ≤ k are in Λ * k , thus χ m̟ 1 (t λ ) = τ m̟ 1 (t λ ). 
Appendix C. K-homology
In this Section, we give a brief summary of some aspects of K-homology, following Kasparov's approach. Some aspects of bivariant K-theory will be needed as well. For details, we refer to Kasparov's papers [28, 29] and the monograph [26] . C.1. Kasparov modules. Let G be a compact Lie group, and A a (separable) Z 2 -graded G-C * -algebra. Elements of the K-homology groups K 0 G (A) are represented by Kasparov modules (H, π, F ), where H is a Z 2 -graded G-Hilbert space with a G-equivariant even * -homomorphism π : A → B(H), and F ∈ B(H) is a G-invariant odd bounded operator, such that for all a ∈ A (If dim M is odd, one has a similar statement, but with a Spin c -Dirac operator defining an odd K-homology class.) The following proof was explained to me by John Roe.
Proof. We outline the argument for E = C, the general case is a straightforward extension. C.4. Thom isomorphisms. Kasparov's version of the Thom isomorphism theorem in Ktheory asserts that for any G-equivariant Euclidean vector bundle π : V → X, the C * -algebras C 0 (V ) and Γ 0 (C l(V )) are KK G -equivalent. That is, there are canonically given elements α ∈ KK G (C 0 (V ), Γ 0 (C l(V ))) and β ∈ KK G (C 0 (V ), Γ 0 (C l(V ))) that are inverses under the Kasparov product. More generally, we have:
Lemma C.2 (Thom isomorphism in twisted K-theory). Suppose A → X is a G-DD bundle. Then the G − C * -algebras Γ 0 (A ⊗ C l(V )) and Γ 0 (π * A) are KK G -equivalent.
I am grateful to Nigel Higson for help with the following argument.
Proof. In [29] Kasparov considered a refinement RKK X G (A, B) of the bivariant K-groups, with arguments a G-equivariant space X, and G − C 0 (X) C * -algebras A, B. Elements of this group are represented by triples (H, π, F ) as in the KK G -theory, with a requirement that the C 0 (X)-actions on A, B are compatible with the bimodule action on the Hilbert module H. In [28, Section 5], Kasparov shows that the C * -algebras C 0 (R n ) and C l(R n ) are KK O(n) -equivalent.
These formula are consequences of the Weyl character formula and 'finite Fourier transform'. See e.g. [10, 4] . Using the orthogonality relations, any τ ∈ R k (G) may be recovered from the values τ (t λ ) as τ = λ∈Λ * k N (µ)τ µ where
The quotient map π : R(G) → R k (G) has the following description in the basis. Let W aff = Λ ⋊ W be the affine Weyl group. Its shifted action at level k on t * , denoted µ → w • k µ, is generated by reflections across the affine hyperplanes
α,m = {µ ∈ t * | α, B ♯ k+h ∨ (µ + ρ) = m} for roots α and integers m ∈ Z. That is, if w ∈ W ⊂ W aff then w • k µ = w(µ + ρ) − ρ, while for w = ξ ∈ Λ we have w • k µ = µ − B k+h ∨ (ξ). In terms of this action,
The two cases are exclusive, i.e. W aff • Λ * k is precisely the set of weights whose stabilizer under the shifted action at level k is trivial.
